
Non-linearly realised O(3) symmetriesTom R LawrenceJune 12, 2010AbstractSigma models or non-linear realisations are often seen in three di�erentways: �rstly, as the result of placing a constraint on a linear multiplet of�elds, secondly as a �eld space which is di�eomorphic to a coset space,and thirdly as the low-energy limit when the global symmetry of a systemof �elds is spontaneously broken. In these notes we show the equivalenceof these three approaches for the case where O(3) symmetry is broken andthe constrained/low-energy �eld space is S2 � SO(3)= SO(2). The notesare in two parts. The �rst part is a study of the di�erential geometry ofS2 �eld space and its di�eomorphism to SO(3)= SO(2), while the secondpart deals with the spontaneous breaking of O(3) symmetry, both globaland gauged, and covers related �eld theory issues such as the inclusionof fermions, supersymmetry and the quantisation and renormalisation ofthe models.In the �rst part, a constraint is placed on a triplet of scalar �elds toparametrise a two-sphere. We �nd that the fact that this model is so easyto visualise greatly clari�es the relationship between the �eld space, theconnected component of the space of isometries SO(3) and the coset spaceSO(3)= SO(2). We work with three well-known coordinate systems and�nd the variations in the coordinates and the transformations of vectorsin the spaces tangent to the manifolds. The metric for the space andconsequently the Lagrangian for the system are calculated in a numberof ways. It is clear that the conceptual structure of this study may bereadily applied to other non-linear realisations.In the second part, two models are studied in which an internal O(3)symmetry is spontaneously broken. Both contain a triplet of scalar �elds.In the �rst, these constitute the entire �eld content of the model and thereis a global O(3) symmetry. The methods of Salam and Strathdee are usedto express the Lagrangian in the language of non-linear realisations andit is explicitly demonstrated that in the low-energy limit this becomes theLagrangian of the O(3) non-linear sigma model. It is then shown howthis model relates to the Georgi-Glashow model, in which the triplet iscoupled to an SO(3) gauge �eld. After applying the methods of Salamand Strathdee, the �eld content and properties of the gauged theory are asexpected from Higgs-Kibble theory. These methods can easily be extendedto other symmetry-breaking patterns and this study may help improveunderstanding of some of the geometric aspects of Seiberg-Witten theory.1



Part IThe pure classical O(3) sigmamodel1 Introduction to Part IThe concept of spontaneous symmetry breaking is a crucial part of the StandardModel and extensions of the Standard Model are largely based on spontaneouslybreaking higher-dimensional symmetry groups to those of the Standard Model.The low-energy e�ective theories are best described by non-linear realisations orsigmamodels, so it is perhaps not surprising that since these were �rst discoveredin the 1960s[1]-[7] they have kept cropping up, for example, in supergravity[8]-[12], Seiberg-Witten theory[13, 14], the theory of D-branes[15, 16] and modelsof nucleons[17].It could be argued that the greatest advances in the �eld of non-linear re-alisations have been made by researchers who were not considering particularsymmetries but rather, general features of all non-linear realisations. Thesefeatures were often obscured in early work by the focus on chiral symmetries.What is presented in these notes is the simplest possible model, in whichthese concepts are demonstrated on a mathematical space familiar from ev-eryday life - the surface of a sphere. This model has long been of interestfor its topological properties - there is a wealth of research into classical �eldcon�gurations and their quantum corrections, particularly in lower-dimensionalspacetime. However, the fact that all the important features may be so readilyvisualised also makes it the perfect tool for those wishing to get to grips with thegeometry of sigma models, non-linear realisations and spontaneous symmetrybreaking1. These concepts can then readily be applied to other symmetry-breaking schemes.The phrase `sigma model' originates from a seminal paper by Gell-Mannand Levy[1], which describes a model resulting from constraining the norm ofa multiplet of four Lorentz scalar �elds. In the O(3) non-linear sigma model,precisely the same is done for a triplet of such �elds. The resulting �eld spaceinherits the O(3) symmetry of the Euclidean �eld space, but is a curved spaceon which di�erent coordinate systems are useful in di�erent situations. Meetz[7]used coordinates which are the three-dimensional version of what we call `pro-jective coordinates' in these notes and was the �rst to develop the concept of ametric for the space. Coleman et al [5] noted that all coordinate systems repre-senting physical �elds must have their origin at the same point and identi�eda coordinate system which may be used for any �eld space which is isometricunder G a compact, connected semisimple Lie group and whose vacuum point is1In Section 11 of Part II, we use the methods of Salam and Strathdee[18] to show how thismodel arises naturally through spontaneous symmetry breaking.2



invariant under H a proper Lie subgroup. (We call these `standard coordinates';our third coordinate system is the familiar spherical polar coordinates.)In a series of papers, Isham[6, 19, 20] considered the relationship betweenthe group manifold G, the coset space G=H, the curved �eld space and any atspace it may be embedded in. However, the complexities of chiral symmetrymade it di�cult to get to grips with the geometrical concepts. All of the abovehave been major inuences on these notes. (More recently, Maison[21] andCoquereaux[22] have also looked at the geometry of sigma models in general.)Interest in the O(3) non-linear model started in the mid 1970s as a resultof similarities with models of ferromagnets[23, 24, 25], with the focus being onclassical �eld con�gurations. Soon after this, it became clear that despite theisometry group G of a non-linear sigma model being a global one, non-linearsigma models admit a local H symmetry[26, 27] and can even be rewritten in aform which includes auxilliary gauge �elds for H[28, 29, 30]. We will review inoutline how this can be done for our model.Quantum �eld theory textbooks (for example, Ryder[31]) often use the modelconsidered here in their introduction to spontaneous symmetry breaking, be-cause when O(3) symmetry is spontaneously broken, the spherical �eld spacerepresents the vacuum manifold and its origin the chosen vacuum state. Thearguments presented in the textbooks, however, are often fairly heuristic; theauthor is not aware of any work which treats this model with the rigour of thesenotes.The article which is most closely related to Part I of these notes is that ofBarnes, Generowicz and Grimshare[32]. They carry out the same algebraic anal-ysis of non-linearly realised SU(2) (linear when restricted to a U(1) subgroup)as we do for SO(3) (linear when restricted to an SO(2) subgroup), althoughthey omit the geometrical analysis. Given that the adjoint map provides a ho-momorphism from SU(2) to SO(3) (mapping the U(1) subgroup to the SO(2)subgroup), we would expect the quantities we calculate to take the same al-gebraic form as theirs and we shall see this is indeed the case. (SU(2) groupelements provide a matrix representation of the quaternion algebra and it iswell known that quaternion operations can provide a simpler way of carryingout rotation group calculations - see for example Kuipers[33]. Some recent pa-pers make use of this[34, 35].) Most recently, calculations for this sigma modelhave been performed by Hamilton-Charlton[36] and we shall eventually see howour results are equivalent to his.Part I is divided into di�erent sections dealing with di�erent manifolds:Section 2 uses R3 to set up some basic conventions, Section 3 is concernedwith S2, Section 4 is concerned with the SO(3) manifold and Section 5 withthe coset space SO(3)= SO(2) and its di�eomorphic subspace in SO(3). Thediscrete Z2 symmetry is dealt with separately in Section 6 and the gauging ofthe H symmetry of the model in Section 7. This concludes a rigorous analysisof the geometry of the pure sigma model (with just the two independent scalar�eld components). Throughout this analysis, nothing is assumed about thedimensionality of the underlying spacetime. The �nal section of Part I containsa very brief summary of known solutions of the classical equations of motion of3



this model, in di�erent numbers of spacetime dimensions.Finally, we should note that while this is intended to be the most completeand rigorous study of this model yet, the author also wishes to make it accessibleto those who have a strong background in physics rather than pure geometry.Therefore we do not follow the convention in modern geometry texts of tak-ing basis vectors to be di�erential operators, instead we use the more abstractnotation of êi, which many physicists will be more familiar with. Where it isunclear, we give these a two-letter superscript in Roman type in brackets. The�rst denotes the manifold: R for R3, S for S2, G for the SO(3) group manifoldand C for the coset space. The second denotes the coordinate system: C forCartesian, p for projective and s for standard.Also, we do not explicitly use the concept of a dual vector space. Vectors arewritten as linear sums of basis vectors; the latter have covariant indices whilethe components have contravariant indices. An inner product is de�ned for eachtangent space and the metric is the inner product of the basis vectors. For eachcontravariant quantity, a covariant counterpart can be de�ned using the metric.This should all become clear in Section 2.2 The R3 manifold2.1 Basic conventionsIn Cartesian coordinates, a point may be labelledr = xêx + yêy + zêz (1)where êx; êy; êz are orthonormal basis vectors in the directions of increasingx; y; z:(êi; êj) = �ij : (2)In spherical polars,r = rêr(�; �) (3)whereêr = sin � cos �êx + sin � sin�êy + cos �êz : (4)We can also de�ne basis vectors in directions of increasing � and �, normalisedso thatds2 � (dr; dr) (5)is the same in either coordinate system:ê� = r cos � cos �êx + r cos � sin�êy � r sin �êz ; (6)ê� = �r sin � sin�êx + r sin � cos �êy : (7)4



The corresponding coordinate transformations are well known. These basisvectors are orthogonal, so the metric is diagonal:gij = (êi; êj) = 0@ 1 0 00 r2 00 0 r2 sin2 �1A : (8)The components of a vector V = V iêi transform under coordinate transfor-mations according to the usual rule for contravariant vectors. To ensure thatV = V iêi = V 0iê0i, the basis vectors must transform as covariant vectors. rtransforms as a vector only in at space but dr transforms as a vector in anyspace.2.2 Isometries and Killing vectorsIsometries are (di�eomorphic) active transformations which preserves the lengthof dr: (dr; dr) = dxidxj(êi; êj) = dxidxj gijjP= (dr0; dr0) = dx0idx0j(ê0i; ê0j) = dx0idx0j gijjP 0 (9)or @x0i@xk @x0j@xl gijjP 0 = gkljP : (10)For R3, these are translations and orthogonal transformations. In this sectionand the next three, we will focus on continuous transformations from r to r0,so we restrict the latter to the group SO(3), representing rotations about theorigin. An arbitrary matrix of this group may be writtenR = ei!iTi = 1 + i!iTi + O(!i)2 (11)where the generators Ti satisfy[Ti; Tj] = i�ijkTk : (12)Any one-parameter subgroup acting on r traces out a curve; a tangent vectorto this curve at r is a Killing vector. There is one independent Killing vectorfor each parameter !i, e.g.dx0id!1 ����!1=0 êi = dRij(!1)xjd!1 ����!1=0 êi = Ki1êi � K1 : (13)These are �rst-order variations in xi in a Taylor series. The Killing vectorcomponents satisfy Killing's equations (for a derivation, see for example [37]):@KiA@xk gil(r) + @KiA@xl gik(r) + @gkl@xi KiA = 0 : (14)5



The algebra (12) is satis�ed by(Tk)ij = �i�ijk (15)so the transformation of xi becomesxi ! x0i = xi + !k�ijkxj +O(!k)2 : (16)Thus, for example, a rotation with only !1 non-zero is a rotation about thex-axis. The Killing vectors are thenKi = �ijkxkêj : (17)Note also that if we make the standard replacementsêi ! @@xi (18)these become the quantum angular momentum operators, up to a factor of i.These have the same commutation relations as Ti.In general, if we writeR = ei!iTi = ei!niTi (19)where ! is the modulus of !i -! � [(!1)2 + (!2)2 + (!3)2] 12 (20)- and ni is the associated unit vectorni � !i! ; (21)then R represents a rotation through an angle ! about an axis niêi.We can use the transformation law for a vector to put the Killing vectorsinto spherical polars. The variations in the polar coordinates under rotationsare then found to be� ! �0 = � + !1 sin�� !2 cos � (22)and �! �0 = �+ !1 cot � cos �+ !2 cot � sin�� !3 : (23)These are non-linear in the coordinates, except when restricted to the subgroupof rotations about the z-axis. Of course, the components of the in�nitesimaldisplacement vector dr still transform linearly; for exampled� ! d�0 = d� + !1 cos � d�+ !2 sin� d� : (24)Now for a small rotation producing a small variation in xi we can see from (16)that xl�ilm�xi = �!kxlxj(�lj�mk � �mj �lk) (25)= xlxl�!m � xmxk�!k : (26)6



There are an in�nite number of rotations which produce this variation, eachwith a di�erent axis, tracing out part of a circle on the surface of a sphere ofradius (xlxl) 12 . The largest such circle is a `great circle', with the same radiusas the sphere and an axis orthogonal to r = xiêi, so�!m = xl�ilmxjxj �xi : (27)If we were to put a classical point mass at r, this would be a rotation for whichno torque is required. (Note the close relation between the coe�cients of �!kin the right hand side of (25) and the product of inertia tensor2.) For suchrotations, we can de�ne an inverse Killing vector K�1 by�!i = (K�1)ij�xj : (28)transforming under coordinate transformations as a covariant vector on the jindex. This can easily be seen to be the matrix inverse of K.3 The S2 �eld spaceWe now consider the situation where we have two spacetime-dependent �eldswhich transform as the coordinates on an S2 �eld space. This space can beembedded in an R3 �eld space by associating every point on the S2 space witha point a �xed distance from the origin of R3. If a triplet on the R3 �eld spaceis written M i, then the S2 �eld space consists of �eld states satisfying(M1)2 + (M2)2 + (M3)2 = (M )2 : (29)(This is a generalisation of the usual O(3) sigma model[23] where the �xeddistance is unity.) A change of coordinates represents a di�erent choice of �eldvariables; with spherical polars on the R3 space, this condition becomesr =M : (30)� and � are therefore �eld variables on (a coordinate patch[37, 38] of) the S2�eld space. The tangent plane to the two-sphere in R3 is spanned by ê� and ê�.êr is always orthogonal to this plane. The metric on S2 for these coordinates isjust the angular part of (8) with r replaced by M .We can de�ne `projective coordinates' �a (a = 1; 2) for the whole of theNorthern hemisphere by projecting the hemisphere down onto the equatorialplane. The rule for the embedding is then that the point (�1; �2) in S2 isassociated with the point(M1;M2;M3) = (�1; �2; [(M )2 � (�1)2 � (�2)2] 12 ) (31)in R3. The tangent plane to S2 is then spanned by ê1 and ê2, which are notalways orthogonal to each other (for example, on the line of 45� longitude). We2Both Tsukanov[17] and Kuipers[33] analyse classical rotations in a similar manner.7



can use the transformation law for covariant vectors to �nd these in terms ofthe vielbein êx; êy; êz:ê(Rp)1 = êx � M1M3 êz ; (32)ê(Rp)2 = êy � M2M3 êz : (33)These are the pullback maps for the embedding. Consequently, a vector of S2V aê(Sp)a = V 1ê(Sp)1 + V 2ê(Sp)2 (34)is associated under the embedding with a vector of R3V 1ê(Rp)1 + V 2ê(Rp)2 = V 1êx + V 2êy � (V 1M1M3 + V 2M2M3 )êz ; (35)so the di�erential map is(V 1; V 2)! (V 01; V 02; V 03) = (V 1; V 2;�V 1M1M3 � V 2M2M3 ) : (36)The metric for projective coordinates isgab = (ê(Rp)a ; ê(Rp)b ) = �ab + �a�b(M )2 � (�1)2 � (�2)2 : (37)SO(3) rotations are isometries of S2. The variations in the polar coordinatesare still given by (22) and (23). For projective coordinates, we can use (16) and(31) to �nd the variations in the coordinates:�01 = �1 � [(M )2 � (�1)2 � (�2)2] 12!2 + �2!3 ; (38)�02 = �2 + [(M )2 � (�1)2 � (�2)2] 12!1 � �1!3 : (39)The components of K1;K2;K3 are thereforeK11 = 0 ; K12 = �[(M )2 � (�1)2 � (�2)2] 12 ; K13 = �2 ;K21 = [(M )2 � (�1)2 � (�2)2] 12 ; K22 = 0 ; K23 = ��1 (40)Again, the transformations are non-linear, except when restricted to the SO(2)subgroup. S2, unlike R3, does not have a coordinate system in which they aregenerally linear.The embedding can be used to obtain a relation between the Killing vectorsand the metric. If we consider a small arc generated on the sphere by a greatcircle rotation, working in Cartesian coordinates we easily obtain�s2 = �ij�M i�M j = �km(M )2�!k�!m ; (41)while in a coordinate system xa on the two-sphere,�s2 = gabjP �xa�xb : (42)8



Using (28) for the two-dimensional coordinates, we �ndgab = �km(M )2(K�1)ka(K�1)mb ; (43)which can be inverted to obtaingab = �ij 1(M )2KaiKbj : (44)For projective coordinates we �ndgab = �ab � �a�b(M )2 : (45)It is easy to verify that this is the matrix inverse of (37).Now the Lagrangian for our �eld theory may be writtenL = 12 @M i@x� @Mi@x� (46)subject to the constraint (29), where � ranges over the indices of whateverspacetime we are considering. By comparison with (41) and (42), we see thatthis may be rewrittenL = 12gab(xc)@�xa@�xb (47)for any coordinate system xc on S2. As the arc length on S2 is invariant underSO(3) transformations, clearly this is too. With the metric (37) this containsthe normal kinetic term for a doublet plus self-interaction terms. We will seehow this Lagrangian can arise in Part II, but we note here for future use thatby carrying out the appropriate binomial expansion, this can be written asL = 12 ��ab +M�2�1 + �c�cM2 + (�c�c)2M4 + : : :��a�b� @��a@��b : (48)4 The SO(3) manifold4.1 The !i coordinatesSO(3) is a compact manifold on which !i can be used as coordinates. Using(15) and the projections operators[39, 40](P 1)ij = 12(�ij � ninj � ink�ijk) ; (49)(P 2)ij = 12(�ij � ninj + ink�ijk) ; (50)(P 3)ij = ninj ; (51)we can rewrite R asRij = cos!�ij + (1� cos!)ninj + sin!nk�ijk : (52)9



Using the linear independence of the tensors in this expression, one can showthat in the region 0 � ! < � there are no discontinuities in the !i coordinatesand every element has unique coordinates.We de�ne the basis vector êi at a point R as the tangent to a curve ofincreasing !i. So, for example, at the origin (the identity element):ê1 = d(ei!1T1)d!1 �����!1=0 = iT1 (53)and likewise for ê2 and ê3:(êk)ij = i(Tk)ij = �ijk (54)so the vector space at the origin is the (antihermitian) Lie algebra so(3). Thein�nitesimal displacement vector isd!kêk = id!kTk : (55)Away from the origin,êj(!i) = @R@!j ; (56)d!iêk = d!k @R@!k = dR : (57)We use the Killing form as the inner product on the tangent space at the origin:(X;Y) = �12 tr(XY) (58)where X and Y are vectors of the (antihermitian) Lie algebra[19, 41, 42]. (ForSO(3), ad(X) = X.) This makes the basis an orthonormal one. We will notde�ne an inner product away from the origin at this stage.The action of an element g = ei�kTk of SO(3) on an element R is:R = ei!iTi ! R0 = gR(!i) = ei�kTkei!iTi = ei!0i(!j ;�k)Ti : (59)A curve starting at R is mapped to a curve starting at R0 and a vector at R ismapped to a vector at R0. For example,dR! dR0 = gR(!i + d!i)� gR(!i) (60)= R0(!i + d!i)� R0(!i) (61)= ei(!0i+d!0i )Ti � ei!0iTi (62)= d!0j ei(!0i+d!0i)Ti � ei!0iTid!0j (63)= d!0j lim�!0j ! 0 ei(!0i+�!0i)Ti � ei!0iTi�!0j (64)= d!0j @R@!0j (65)= d!0j êjjR0 (66)10



whered!0i = @!0i@!j d!j : (67)At this point, we could assume that the action of SO(3) on itself is an isometryof the manifold and use this to de�ne a metric for each point on the manifold[19],but we shall not do this, because, as we shall see in Section 5, the most usefulde�nition of the inner product for us is, perhaps surprisingly, not one for whichSO(3) transformations are isometries of this manifold.4.2 Standard coordinatesConsider the subgroupH = fh = ei!3T3 8 !3g : (68)This can be used to partition the manifold into cosetsL(�a)H = ei�aTafei�3T3 8 �3g : (69)This means that each element ei!iTi may be written as[3, 5, 6]ei!iTi = ei�aTaei�3T3 (70)with unique values of the �i, that is the �i are a non-degenerate set of coordinatesfor a large neighbourhood of the origin3. Furthermore, they have the same originas the !i coordinates and are the same to �rst order in a power series expansionof the exponentials. At a point where �i = �i, the tangent vectors to the curvesof increasing �i areê1 = @L@�1 �����a=�a ei�3T3 ; (71)ê2 = @L@�2 �����a=�a ei�3T3 ; (72)ê3 = L(�a) dd�3 (ei�3T3)�����3=�3 = L(�a)ei�3T3(iT3) : (73)At the origin, these reduce to (54), where we use the inner product (58).3Note that there is only one point in the manifold for which the coordinates !i cannot bestated uniquely, the point for which ! = �. In the �i coordinates, on the other hand, any pointfor which (�1)2 + (�2)2 = �2 is degenerate. This reects the topological di�erences betweenSO(3) and SO(3)=SO(2)� SO(2) (see footnote 18 of [26] and references therein). This is oneof many common ways of factorising a rotation matrix - for details of how to carry out suchfactorisations, see for example Kuipers[33]. 11



4.3 The Involutive AutomorphismHere we recap some theory that will be useful later. If we de�ne~T1 = �T1 ; ~T2 = �T2 ; ~T3 = T3 (74)we �nd that these also satisfy (12). We therefore de�ne the linear operator ~which performs an automorphic mapping[5, 6, 41] on the Lie algebra:~: i!iTi ! i!i ~Ti : (75)This acts as a rotation of the Lie algebra through � about the z-axis. It alsoinduces a mapping on the group manifold. Following Isham[6], the subspace forwhich �3 = 0 (or equivalently !3 = 0) is denoted P ; elements of P are theninverted by this mapping:~: L = ei�aTa ! ~L = e�i�aTa = L�1 : (76)Elements of the subgroup H, on the other hand, are invariant. Using the BCHidentity, the commutation relations for the ~Ti and the linearity of the operator,one can show that for any two group elements g1 and g2,(̂g1g2) = ~g1~g2 : (77)5 The SO(3)= SO(2) manifold5.1 Di�eomorphisms, embeddings and tangent spacesThe cosets (69) span the coset space SO(3)= SO(2), di�eomorphic to both S2and P . This allows `standard' or `normal' coordinates �a, or alternatively polaror projective coordinates, to be used on all three manifolds.On the S2 �eld space, all three coordinates systems share the same origin(vacuum point), the North pole. The standard coordinates of a point on S2are the parameters of the rotation which maps the origin to this point; being�eld variables, the SO(3) rotation is a local transformation[26]. The isotropy(invariance) group of the vacuum isH(x) = fh(x) = ei�3(x)T3g (78)hence the coset LH (or any element of it) maps the origin to the same point asL 2 P � SO(3).We next seek the relations between standard coordinates and our other twocoordinates systems. Any rotation L(�1; �2) traces out a line of longitude, sothe angle of rotation is the polar coordinate �:� = [(�1)2 + (�2)2] 12 : (79)From the trigonometry of the equatorial plane,n1 = sin� ) �1 = � sin� ; (80)n2 = � cos � ) �2 = �� cos � : (81)12



For the projective coordinates, we act with L in the formLij = cos ��ij + (1� cos �)ninj + sin �nk�ijk (82)on the vacuum in Cartesian coordinatesO� = 0@ 00M 1A (83)to �nd�a = Ma = M sin �nb�a3b ; (84)M3 = L33M = M cos � : (85)We can now embed any of the two-dimensional manifolds in R3 or SO(3).Using standard coordinates, we embed the coset space in SO(3) by choosing agauge for H(x) [26]:E1 : L(�1; �2)H ! L(�1; �2) 2 SO(3) (86)with P the image of this map4. Similarly, S2 is the image of the embedding ofP and SO(3)= SO(2) in R3:E2 : Lij(�1; �2)!M i = Lij(�1; �2)O�j ; (87)E3 : Lij(�1; �2)H !M i = (Lij(�1; �2)HO�)i = Lij(�1; �2)O�j : (88)This just leaves the embedding of S2 in SO(3):E4 : (�1; �2)! Lij(�1; �2) = cos ��ij + (1� cos �)ninj + sin �nk�ijk : (89)For SO(3)= SO(2), the basis vector êa at a point L(�1; �2)H is de�ned to bethe tangent to a curve of increasing �a. So at the origin, (the subgroup H), thebasis vectors and in�nitesimal displacement vector areêa = d(ei�bTb)d�a ������1;�2=0H = iTaH ; (90)d�a êajH = id�aTaH (91)and away from the origin,êa(�b) = @L@�aH ; (92)d�aêa = d�a @L@�aH = dLH : (93)4Another way of looking at this is to view LH as a closed curve in SO(3), then E1 mapsit to the point where it intercepts P . This is not a useful point of view in this context, butmay be useful when considering homotopy groups[43].13



The pullback map induced by E1 isE�1 : ê(Cs)a ���(�b=�b) = @L@�a �����b=�b H ! ê(Gs)a ���(�b=�b;�3=0) = @L@�a �����b=�b (94)mapping the vectors (92) to the vectors (71) and (72) on the surface P . Thecorresponding di�erential map isE1� : (X1;X2)! (X01;X02;X03) = (X1;X2; 0) : (95)Clearly, the embedding associates dLH with dL.By extending (87)-(88) to the action of curves in P and SO(3)= SO(2) onO�, we �nd the action of the tangent vectors. For example, the action of thetangent vector X to the curve L(�) isdd� (LijO�j)�����=0 = dLijd� �����=0O�j = XijO�j (96)- that is, the embedding E2 induces a map from the vector X tangent to P to avector tangent to S2 � R3. Similarly E3 induces a map from XH to XO�. Inparticular, the pullback maps areE�2 : ê(Gs)a (�a)! ê(Ss)a (�a) = @M i@�a ê(RC)i = @Lij@�a O�jê(RC)i ; (97)E�3 : ê(Cs)a (�a)! ê(Ss)a (�a) = @M i@�a ê(RC)i = @Lij@�a O�jê(RC)i : (98)At the origin, using (96) and (54) or (90), these give us the basis vectors forstandard coordinates on the two-sphere:ê(Ss)1 = (iT1)ijO�j ê(RC)i = �i31M ê(RC)i =M êy ; (99)ê(Ss)2 = (iT2)ijO�jê(RC)i = �i32M ê(RC)i = �M êx : (100)The orthonormality of the Cartesian basis then implies that the metric for stan-dard coordinates is at at the North pole.The in�nitesimal displacement vector at H, (91), or the corresponding vec-tor at the origin of P induce the in�nitesimal displacement vector in standardcoordinates at the North pole of the two-sphere:d�aê(Ss)a = (id�aTa)ijO�jê(RC)i =Md�1êy �Md�2êx : (101)Similarly, the vector dL or dLH induces the in�nitesimal displacement vectorat LO�d�aê(Ss)a = d�a @Lij@�a O�j ê(RC)i = d�a @M i@�a ê(RC)i : (102)By equating this to dM iêi we get the expected di�erential mapdM i = @M i@�a d�a : (103)14



We now wish to �nd these derivatives, which would make it possible to obtainexplicit forms for the pullback map, the in�nitesimal displacement vector andthe metric. We start by noting that a rotationL(�0a) = L(�a + d�a) (104)maps O� to a point with Cartesian coordinatesM 0a = M sin �0n0b�a3b ; (105)M 03 = M cos �0 : (106)We then Taylor expand (79) around � to obtain�0 = � + nad�a (107)and use�0a = �0n0a (108)to obtainn0a = na + 1� (d�a � nanbd�b) (109)where na � na. Substituting these into (105) and (106), we �nd@Ma@�c = M �cos ��a3bnbnc + sin �� �a3b(�bc � nbnc)� ; (110)@M3@�c = �M sin �nc (111)(note the appearance of the tensors in P 1, P 2 and P 3[32, 40]). The resultingforms of the basis vectors and the in�nitesimal displacement vector, obtainedusing (97) and (102), are long expressions which are not of much use to us.The crucial quantity is the metric (induced by E2), which turns out to be quitesimple:g(Ss)ab = (êa; êb) = (M )2�nanb + sin2 ��2 (�ab � nanb)� : (112)This reduces to (M )2�ab at the origin, while (37) reduces to �ab. This di�erenceis due to the factor of M in (84) and hence (110).Finally, as we already have a metric for Cartesian coordinates on R3, theembeddings E1; E2; E3 can be used to de�ne an inner product at an arbitrarypoint on both SO(3)= SO(2) and P . If we de�ne(XH;YH)jLH � (X;Y)jL � Xi3Yi3 ; (113)then using (83) and the orthonormality of the Cartesian basis in R3,(XO�;YO�)jLO� = (M )2 (X;Y)jL = (M )2 (XH;YH)jLH : (114)It is easy to see that (113) reduces to (58) if one bears in mind that at theorigin, all vectors tangent to P are linear sums of i(Ta)ij = �ija.15



5.2 The action of SO(3)The actions of an element of SO(3) on P and SO(3)= SO(2) corresponding to(59) are g : L = ei�aTa ! gL = L0h � ei�0a(�b;�i)Taei�3(�c;�j )T3 ; (115)g : LH = ei�aTafei�3T3 8 �3g ! gLH = L0H � ei�0a(�b;�i)Tafei�03T3 8 �03g :(116)This implies that g does not commute with E1 or E4. It does, however, commutewith E2 and E3.The next stage is to �nd the transformation of the standard coordinates,i.e �nd �0a and �3. We sketch in outline how this is done5. For g 2 H, it isknown[5] thath = g ) �3 = �3 (117)and L0 = hLh�1 : (118)We use L in the form (82) and expand h and h�1 in powers of �3 to getL0 = L+ (1� cos �)(ni�jklnk�l + �iklnk�lnj) � sin ��mklnk�l�imj +O(�3)2 :(119)We can Taylor expand L0 with respect to � and na to �rst order6:L0 = L + (� sin ��ij + sin �ninj � cos nk�ikj)��+(1 � cos �)(�ninj + ni�nj)� sin ��nm�ikj : (120)We now equate the traces of (119) and (120). The variation in L in (119) istraceless, so this gives us�� = 0 ; ni�ni = 0 : (121)The latter is to be expected: the in�nitesimal variation in any unit vector ina plane is always orthogonal to the unit vector. We substitute the former into(120) and a comparison with (119) immediately yields�ni = �iklnk�l ; (122)i.e. �0a = �(na + �ab3nb�3) = �a + �3�b�ab3 : (123)5While we write out the indices expicitly here, the author has in practice found it clearerto use the operator notation of Michel and Radicati[42] in which the indices are hidden.6In general, we have to be careful Taylor expanding with respect to na, as they are notindependent variables, but this does not a�ect the current calculation.16



Note that we have calculated the variations in the standard coordinateson the two-sphere using the properties of the group manifold, and that theytransform as a doublet of H. We can check these agree with our earlier results.Using (31), (87) and (119), we �nd�01 = M 01 = �1 + �3�2 ; (124)�02 = M 02 = �2 � �3�1 (125)in agreement with (38) and (39). For polar coordinates, we already know that�� = 0. By using (80) and (122) and either considering the change in sin� witha small variation in � or equivalently Taylor expanding � as a function of n1(or doing the same with (81), cos� and n2), we �nd�� = ��3 (126)in agreement with (23).For g 2 P , the automorphism (76) implies that[5]L02 = e2i�0aTa = gL2g = ge2i�aTag : (127)This allows us to procede in a similar manner to the case for g 2 H. We �nd thevariation in L2 to �rst order by expanding g in powers of �a and then Taylorexpand L2 in terms of � and na in order to �nd the variation in these. Thedi�erence this time is that the variation in L2 is not traceless, so we operate onboth expressions for L02 with ninj to project out the �na parts before equatingthe traces. Once again, we �ndna�na = 0 (128)and eventually we get�na = cot �(�a � nanb�b) = �b cot �(�ab � nanb) : (129)The �na parts can now be eliminated from both expressions for L02. By usingan appropriate tensor identity (resulting from contracting two �s in two di�erentways), we �nd�� = �bnb : (130)The standard coordinates of the new point are then�0a = �a + �b[nanb + � cot �(�ab � nanb)] + O(�b)2 (131)- once again, the tensors of P 1; P 2; P 3 are appearing. For small �, this becomes�0a = �a + �a : (132)We can �nd the variation in L by substituting our results into the Taylorexpansion for L. Acting with the resulting L0 on O� and using (85) and (31)gives us�0a = �a �M�b�ab3[(M )2 � (�1)2 � (�2)2] 12 (133)17



in agreement with (38) and (39). For spherical polars, substituting (80) and(81) into (130) gives us� ! �0 = � + �1 sin�� �2 cos � (134)while for the variation in � we again use a Taylor expansion of � to get�� = �1 cot � cos �+ �2 cot � sin� (135)both in agreement with (22) and (23).Finally, we want to �nd �3 for g 2 P . This can be done by solving (115) forh and substituting in the Taylor expansion of L0 and the power series expansionof g, giving ush = 1 + @L@� ��L�1 + @L@na �naL�1 � L(i�aTa)L�1 + O(�a)2 : (136)The second term is easy to calculate using projection operators, but the thirdand fourth require rather more work. We end up with�@L@� ��L�1�i j = �ananb�ijb ; (137)� @L@na �naL�1�i j = cot �(1� cos �)(�inj � ni�j)+ cos �(�a�ija � �ananb�ijb) ; (138)�L(i�aTa)L�1�i j = cos ��a�ija + (1� cos �)�ananb�ijb� sin �(�inj � ni�j) (139)so that on applying a few trigonometric identities we gethij = �ij � tan��2� (�inj � ni�j) + O(�a)2 (140)) h = 1+ i tan��2��anb�ab3T3 + O(�a)2 (141)so �3 = tan��2�na�b�ab3 : (142)Note this is precisely the result found by Barnes et al [32].Consider the curve ei��aTa in P , where �1; �2 are constants and � is thecurve parameter. Under g 2 SO(3), it transforms asg(�i) : ei��aTa ! ei�0a(��b;�i)Taei�3(��c;�j)T3 : (143)In general, any curve a(�) in P is mapped to a curve a0(�) in SO(3) with avarying `height' �3(�) above P : 18



Figure 1. The action of g on a curve a(�) in P .(In the above diagram, a(�) is shown starting at 1, i.e. a(0) = 1, but thisneed not be the case.)The tangent vector to a(�) at any value of �, which is tangent to P , is thenmapped to an SO(3) vector with components in all three directions. To take asimple example, the basis vector at the origin iT1 is mapped thus:g : iT1 = dei�1T1d�1 ������1=0 ! dd�1 (ei�0a(�1;�i)Taei�3(�1;�j)T3)�����1=0= c1 ê1jg + c2 ê2jg + c3 ê3jg (144)where c1; c2; c3 are real coe�cients.A curve in the coset space, on the other hand, is mapped to another curvein the coset space, so a vector tangent to the coset space is mapped to anothervector tangent to the coset space. For example,g : iT1H = dei�1T1d�1 H������1=0 ! dei�0a(�1;�i)Tad�1 ������1=0H= c1 ê1jgH + c2 ê2jgH (145)with the same coe�cients c1; c2, so g does not commute with E�1 . In general,the action of a group element on any vector tangent to P is to map it to a vectorof SO(3) which has components in all three coordinate directions; the action onthe corresponding coset space vector is to map it to a new coset space vectorwhose components are equal to the �rst two components of the transformedSO(3) vector.The most important example of this is the mapping of the in�nitesimaldisplacement vector dL at a point L back to the origin. To calculate this, weneed dL in terms of variations in � and na: from (82),dL = � sin ��ij + (1� cos �)(dninj + nidnj) + sin �ninjd�+cos �d�nk�ijk + sin �dnk�ijk (146)wherenadna = nadna = 0 : (147)19



Multiplying this by L�1(�a) = L(��; na) gives us(L�1dL)ik = (1� cos �)(nidnk � dnink) + d�nl�ikl + sin � cos �dnj�ikj+sin �(1 � cos �)(nidnjnl�jlk + �iljnldnjnk) :(148)Again, using the contraction of three �s, it is easy to show that the last expressionin brackets is just dnj�ikj, so(L�1dL)ik = (1� cos �)dnlnm�ijk�j lm + d�nl�ikl + sin �dnj�ikj (149)= (1� cos �)nadnb�ab3(iT3)ik + nad�(iTa)ik+sin �dna(iTa)ik (150)which as predicted, has components in all three coordinate directions7. It iscommon to split this into a vector tangent to P at the origin and a vector ofthe Lie algebra of H:da = (nad� + sin �dna)(iTa) ; (151)dv = (1 � cos �)nadnb�ab3(iT3) : (152)As these are orthonormal, the length squared of L�1dL is given by(L�1dL; L�1dL)��1 = (da; da)j1 + (dv; dv)j1 : (153)The action on the corresponding coset space vector isL�1 : dLH ! daH (154)and the length squared of the resulting vector is(L�1dLH;L�1dLH)��H = (daH; daH)jH = (da; da)j1 : (155)Now consider the action of L�1dL on O�. H is the isotropy group of thevacuum, sodvO� = 0 : (156)By using (114) and recalling that SO(3) transformations are isometries of S2,one can see that the lengths of dL and da are equal:(M )2 (dL; dL)jL = (dLO�; dLO�)jLO� (157)= (L�1dLO�; L�1dLO�)��O� (158)= (daO�; daO�)jO� (159)= (M )2 (da; da)j1 ; (160)but by (153) these are not equal to the length ofL�1dL, so with our de�nitions ofinner products, SO(3) transformations are not isometries of the SO(3) manifold,but they are isometries of the coset space.7This is the Maurer-Cartan form associated with dL.20



The variations generated by SO(3) transformations on the coset space andon the two-sphere may be written in terms of the Killing vectors Ki and Kirespectively as:dLH = Kid�i = d�a @L@�aH = d�aê(Cs)a ; (161)d� = Kid�i = d�aê(Ss)a : (162)Though the bases are di�erent, the components of these equations are the samefor both manifolds:d�a = Kaid�i (163)and these can be read o� from (123) and (131):Ka3 = �b�ab3 = i�(P 2 � P 1)a3 ; (164)Kab = nanb + � cot �(�ab � nanb) = (P 3)ab + � cot �(P 1 + P 2)ab : (165)To transform to another coordinate system we just use the transformation lawfor a vector. Barnes et al [32] and Hamilton-Charlton[36] use coordinates pro-portional to na (they call them Ma) and get results equivalent to ours. Usingprojection operators makes �nding the contravariant metric (44) easy to obtain:gab = 1(M )2 [nanb + �2 cosec2 �(�ab � nanb)] : (166)They also make it easy to invert this and we once again get (112). The arclength in standard coordinates is thereforeds2 = (M )2�nanb + sin2 ��2 (�ab � nanb)�d�ad�b : (167)There is a third way to get this. We know thatds2 = (dM; dM)jM = (dLO�; dLO�)jLO� = (M )2 (da; da)j1 : (168)By using (107), (109) and (151), we �ndda = �nanbd�b + sin �� (d�a � nanbd�b)� (iTa) (169)= �P 3 + sin �� (P 1 + P 2)�a bd�b(iTa) (170)and by substituting this into (168) we again obtain (167). The Lagrangian forthe sigma model in standard coordinates is thereforeL = 12(M )2�nanb + sin2 ��2 (�ab � nanb)� @��a@��b : (171)Note that under the coordinate transformations mentioned above, these areequivalent to (69) and (76) of Barnes et al ; Hamilton-Charlton also �nds theseresults under these coordinate transformations for SO(3) and SU(2) and dis-cusses the homomorphism. 21



6 Discrete symmetriesThe arc length dM idMi is not just invariant under continuous SO(3) trans-formations, described by Killing vectors, it is also invariant under the discretetransformationM i !�M i 8M i ; (172)i.e. the full isometry group of the two-sphere is O(3) = SO(3)
Z2.The discrete transformation maps each point on the sphere to the oppositepoint. It cannot be represented in projective coordinates, as they are only validfor one hemisphere. In spherical polar coordinates, � ranges from 0 to 2� while� ranges from 0 to � and the discrete transformation is represented by� ! � � � ; �! �� � (173)where the sign is whatever is needed to keep � in the allowed range. For standardcoordinates, the modulus � transforms as above, while the axis of rotation isreversed, so�a = �na ! (� � �)(�na) = �a � ��a[(�1)2 + (�2)2] 12 : (174)It is possible to �nd an element of P which maps a particular point M i onthe sphere to its opposite point �M i as follows.If (82) maps O� to a pointM i, by applying the above transformation to (82)we see that(Lopp)ij = � cos ��ij + (1 + cos �)ninj � sin �nk�ijk (175)maps O� to the opposite point �M i. It is easy to verify explicitly, particularlyif one uses projection operators, that the combined map fromM i to �M i givenby LoppL�1 is just a rotation through � about na.However this is, of course, not the same as the discrete transformation: onlypoints on the same line of longitude as M i are mapped to their opposite points.In general, a rotation through � about any axis orthogonal to the line betweenM i and �M i will map all the points on a great circle connecting them, andonly these points, to their opposite points.One might suspect from (171) that the transformation�a !��a (176)is a discrete isometry of the two-sphere, but it is easy to show that this is justa rotation through � about the z-axis, related to the involution on the groupspace described in Section 4.3 by the di�eomorphism/embeddings.22



7 Local SO(2) invariance(115) can be seen as two combined transformations: �rstly a mapping in P fromL to L0 and secondly an action from the right with an element of a local SO(2)group. We follow Balachandran et al [26] and denote this HC(x). While it isisomorphic to a local version of H � G, its action is di�erent:h 2 H :M i = LijO�j !M 0i = L0ijO�j = (hLh�1)ijO�j (177)while hC 2 HC :M i = LijO�j ! LijhjkO�k = LijO�j (178)so M i is a singlet of HC(x). L�1@�L, on the other hand, transforms as:hC(x) : L�1@�L! h�1C (L�1@�L)hC + h�1C @�hC : (179)With an Abelian H(x) it is easy to show that the last term is in the Lie subal-gebra, sohC(x) : v� ! v0� = h�1C v�hC + h�1C @�hC ; (180)hC(x) : a� ! a0� = h�1C a�hC (181)i.e. v� (the subalgebra part of L�1@�L) transforms like a gauge �eld, whilea� (the part tangent to P ) transforms as a vector of the adjoint representa-tion of HC(x). Our Lagrangian is an invariant of HC(x) (proportional to thelength squared of a� or @�LO�) and looks like the mass term of the adjointrepresentation �eld a� [27].If we add any bilinear function of v� � eA3�(iT3) to the Lagrangian, where eis an arbitrary coupling constant, the Euler-Lagrange equation for A3� isA3� = v3� (182)which, by (152), is a function of �a and @��a. If this is to be covariant, A3�(iT3)must transform the same way as v, i.e. it is an auxilliary gauge �eld. Thus ata classical level, the new Lagrangian is equivalent to the old one[30]. (We willdiscuss quantum corrections to this in Section 14.) For example,L = 12(M )2�nanb + sin2 ��2 (�ab � nanb)� @��a@��b+f(�;M )(v� � eA�)ab�b(v� � eA�)ac�c (183)= 12(M )2�@��a@��a +� sin2 ��2 � 1� (�ab � nanb)@��a@��b�+f(�;M )(v� � eA�)ab�b(v� � eA�)ac�c (184)is equivalent at the classical level to (171). By using (107), (109) and (152) andthe properties of projection operators, it is not hard to show that(v�)ab�b(v�)ac�c / (�ab � nanb)@��a@��b (185)23



so by taking an appropriate function f(�;M ), we may cancel the non-linearpart of (184). (171) is therefore equivalent to a Lagrangian with no non-linearself-couplings of the �a but with instead non-linear couplings to an auxilliarygauge �eld.8 Classical solutions - Summary of known re-sults@��aê(Ss)a is a vector tangent to the �eld space, the coordinates of which arethemselves functions of spacetime. As the �eld space is curved, one can de�ne acovariant derivative of a vector such as this. By analogy with the three-sphere[7],it is known that the Euler-Lagrange equations of the Lagrangian (171) simplysay thatD�@��a = 0 (186)thus describing the parallel transport of @��aê(Ss)a along a geodesic[19]. It is inexploring the classical solutions of these equations, especially for �elds on two-,three- or four-dimensional spacetime, that most attention has focused over theyears. This is simpler in cases where the `e�ective' spacetime has a positivede�nite metric - either Euclidean spacetime or static solutions (which can thenbe Lorentz boosted to give uniformly moving solutions).In the case where only one dimension has spacelike signature, Pohlmeyerhas shown that the soliton is related to the sine-Gordon kink by a Backlundtransformation[44]. When two dimensions are spacelike, the only �nite actionsolution with localised topological charge is the instanton[23, 45, 46]. However,a number of in�nite action solutions have been shown to have physical relevance- these are summarised by Ody and Ryder[47] who relate them to surfaces ofconstant mean curvature in R3. This model has strong connections with thetwo-dimensional Heisenberg ferromagnet[23], with Euclidean two-dimensionalYang-Mills theories[48] and with Yang-Mills and Yang-Mills-Higgs and O(5)-invariant theories in four-dimensional Minkowski spacetime[27, 45, 49, 50, 51].The instanton one �nds with two spacelike dimensions does not exist whenone has three spacelike dimensions, unless the �elds are coupled to gravity[26,50]. The monopole is a static, topologically stable solution, but one can alsohave unstable `embedded' strings and domain walls[52]. (These last two papersconsider the sigma model in its role as the low-energy e�ective theory whenO(3) is spontaneously broken, as described in Section 11.) These interact in anon-trivial way[53]. Tsukanov has also looked at rotating soliton solutions[17].9 Summary of Part IWe conclude Part I by summarising what we have done so far. We took an R3�eld space and constrained the �elds to lie on the surface of a sphere in thisspace. We noted that two of the set of spherical polar coordinates were valid24



coordinates (�eld variables) for this space and we de�ned projective coordinatesfor the Northern hemisphere. There is an SO(3) group of isometries on themanifold, with the North pole left invariant under rotations about the z-axis.We found the metric (and hence the arc length) in both coordinate systems.The group SO(3) also forms a Riemannian manifold, for which we de�nedtwo sets of coordinates and found the corresponding bases on the tangent space.The second set, standard coordinates, allowed us to show that the subspace Pis di�eomorphic to both S2 and SO(3)= SO(2) and allowed us to de�ne corre-sponding coordinates on these manifolds. We showed how to embed each ofthese three spaces in R3 and SO(3).We found how the coordinates and elements of the two-dimensional mani-folds transform under SO(3) transformations. In particular, we found the vari-ation of the standard coordinates algebraically, without needing to make use ofthe embedding inR3. Under transformations in the subgroup H, they transformas a doublet of the subgroup, while under transformations in P they transformnon-linearly.We established a consistent set of inner products for the various spaces andshowed that with these inner products, SO(3) transformations are isometries ofS2 and SO(3)= SO(2) but not the SO(3) manifold itself.The Lagrangian for the constrained �eld theory is obtained trivially fromthe expression for the arc length on S2 and is similarly invariant under SO(3)transformations. We found this in three di�erent ways: by calculating the metricinduced by the embedding inR3, by using the Killing vectors and by calculatingthe length of the part of L�1dL tangent to P .We looked at the action of the discrete Z2 symmetry on the S2 �eld spaceand found its action on the coordinates. This action could be replicated withan SO(3) element for a great circle on the sphere but not for the whole spacesimultaneously.We demonstrated the invariance of the Lagrangian under local SO(2) trans-formations and it was shown to be equivalent to that for a doublet with non-linear couplings to an auxilliary gauge �eld.Finally, we summarised some known results relating to the solutions of theclassical equations of motion of the model in di�erent numbers of dimensions.This study was greatly aided by the fact that the �eld spaces may so readilybe visualised and as such, the author feels this is a very useful tool for anyonelearning the subject. However, the concepts involved can be applied to a widevariety of non-linear �eld theories - in particular, they can be extended almosttrivially to other spherical �eld spaces, di�eomorphic to SO(N )= SO(N � 1),and to �eld spaces di�eomorphic to certain subspaces of SU(N ) groups.In Part II, we shall show how the constrained �eld space described hereresults naturally from spontaneously breaking a system with linear, manifestSO(3) symmetry, as the low-energy e�ective theory. We therefore have, in prin-ciple, a method for obtaining the low-energy limit of many symmetry-breakingschemes. 25



Part IIExtensions of the model10 Introduction to Part IIIt has been said that to have mastered a problem, you must understand it fromthree di�erent perspectives. In Part I, we demonstrated explicitly the equiva-lence between two perspectives: the sigma model perspective (from constrainingthe norm of a scalar multiplet, �rst considered by Gell-Mann and L�evy[1]) andthe non-linear realisation perspective based on the standard coordinates andthe coset space representative L[3, 5]. We start Part II by considering a thirdperspective, that of spontaneous symmetry breaking, famously studied in thecase of global symmetries by Goldstone[54]. This makes use of the embedding ofthe spherical �eld space into three-dimensional Euclidean space, thereby addinga third Lorentz scalar component. We then go on to look at how this classical,geometrical model may be related to something more like `real world' physicsby introducting new �elds such as non-Abelian gauge �elds and fermions andlooking at quantisation and renormalisation.Goldstone's model was extended to the case of an arbitrary continuousgroup G and continuous subgroup H by Salam and Strathdee[18], based ona parametrisation used by Higgs[55] and Kibble[56]. In Section 11 we use themethods of Salam and Strathdee to demonstrate, with explicit calculations,how the low-energy limit of a system with spontaneously broken global O(3)symmetry is precisely the O(3) non-linear sigma model. While their methodsare straightforward to apply to our case, the author believes these notes tobe the �rst explicit demonstration of these three perspectives for a particularsymmetry breaking. Furthermore, these methods may readily be extended toother symmetry breaking patterns, giving us a much clearer understanding ofspontaneous symmetry breaking.8 We also show that using a �eld rede�nitionanalogous to that of Goldstone simply amounts to a di�erent choice of coordi-nates on the Euclidean �eld space and show how these are related to those ofthe sigma model.The concept of spontaneous symmetry breaking is a crucial part of the Stan-dard Model and extensions of the Standard Model are largely based on sponta-neously breaking higher-dimensional symmetry groups to those of the StandardModel. However, Electroweak theory[57, 58] and most Grand Uni�ed Theoriesare based on the Higgs mechanism[55], where G is gauged and upon symmetry8Salam and Strathdee show that whenever a �eld theory involves a non-linear constraint ona multiplet and it is to be interpreted using a power series expansion, the vacuummust neces-sarily be degenerate. For this reason we consider spontaneous symmetry breaking, where thepotential is manifestly invariant under O(3), rather than adding explicit symmetry breakingterms. 26



breaking, some of the gauge �elds acquire a mass at the expense of eliminatingthe Goldstone �elds.The �rst to study the Higgs mechanism for non-Abelian G was Kibble[56]while the coupling of non-linear realisations to gauge �elds was studied by Callanet al [59] and implemented by Isham[60] in the case of chiral SU(3) 
 SU(3).Again, it was Salam and Strathdee who showed that the latter is just thelow-energy e�ective theory resulting from the former. Working at the sametime, Honerkamp[61] also demonstrated the equivalence of the two for chiralSU(3)
 SU(3).9 We consider the e�ect of introducing an SO(3) gauge �eld inSection 12 and again use the methods of Salam and Strathdee to �nd the brokenLagrangian10.Having analysed the classical scalar theories in detail, the remaining sectionsgive a pr�ecis of known techniques and results. In Section 13 we look at howfermions and supersymmetry may be incorporated into the models. We startwith minimally coupling fermions to the models with global and gauged SO(3).This is described thoroughly in the literature[5, 59, 18], so we just summarisethe techniques and basic features.We then turn to incorporating supersymmetry into our models. We sum-marise the techniques used in the literature for spontaneously breaking globalSO(3) in a model containing chiral super�elds only. The importance of thecomplexi�cation of SO(3) in the supersymmetric model is widely recognised,but there seems to be little explanation of the physical meaning of these trans-formations, so we describe the e�ect of various transformations in this group.We also collect together a number of �ndings and observations made by otherauthors working on such models. In the case of the gauge theory, we summarisethe work of Fayet and point out its use in Seiberg-Witten theory.Finally, in Section 14 we discuss the quantisation and renormalisation of themodels. Since the sigma model was �rst proposed, a lot work has been doneon its quantisation and renormalisation, including on the emergence of topolog-ical features and on the use of counterterms. In particular, it is worth notingthat at the one-loop level, the low-energy e�ective theory is equivalent to a the-ory of a doublet coupled non-linearly to an SO(2) gauge �eld. This o�ers theenticing possibility of deriving familiar gauge �eld-matter systems from scalarself-couplings in a theory with a larger global symmetry, after taking appropri-ate limits. For the gauged model, we recap its renormalisability properties andalso consider the classical spectrum.9Isham[60] also mentions symmetry breaking, but he assumes it to be explicit rather thanspontaneous symmetry breaking.10This model is a very old one, most famously described by Georgi and Glashow[62] (al-though they cite other authors who had previously suggested it), but this formulation of itlends itself to extension to other symmetry-breaking patterns and may tie the earlier sectionsin with ideas readers are more familiar with. Filk et al[63] use similar methods - their workis based on representations of SU(2) on the lattice.27



11 Including a radial �eld - the Goldstone mech-anism11.1 Recap of Part IWe start by recapping the bits of Part I of most immediate use in this section.Five spaces were studied: an R3 �eld space and its S2 subspace, the SO(3) man-ifold and its subspace P and the coset space SO(3)= SO(2). For any coordinatesystem xa (a = 1; 2) on the constrained S2 �eld space, the Lagrangian takes theform L = 12gab(xc)@�xa@�xb (187)where gab is the metric. The three coordinate systems we considered had theirorigin at the `North pole', the point in R3 where the z-axis intercepts the two-sphere:O� = 0@ 00M 1A : (188)(M is the radius of the two-sphere - in the usual formulation of the O(3) sigmamodel[23] this is taken to be unity.) The isotropy group of this vacuum point isan SO(2) subgroup of the O(3) isometry group. Standard coordinates �1; �2; �3were introduced on the SO(3) manifold and it was shown that �1; �2 are avalid set of coordinates in a neighbourhood of the origin of the coset spaceSO(3)= SO(2) and the S2 �eld space, as both of these are di�eomorphic to P ,the �3 = 0 subspace of SO(3). We identi�ed the embeddings of the three two-dimensional spaces into the three-dimensional ones:E1 : L(�1; �2)H ! L(�1; �2) ; (189)E2 : Lij(�1; �2) ! M i = Lij(�1; �2)O�j ; (190)E3 : Lij(�1; �2)H ! M i = (Lij(�1; �2)HO�)i = Lij(�1; �2)O�j ; (191)E4 : (�1; �2) ! Lij(�1; �2) = cos ��ij + (1� cos �)ninj+sin �nk�ijk (192)(where i; j; k = 1; 2; 3). Taking the tensor form of the SO(3) generators to be(Tk)ij = �i�ijk ; (193)the general form for L is:Lij = cos ��ij + (1� cos �)ninj + sin �nk�ijk (194)with n3 = 0. (190) then gave us the relationship between Cartesian coordinateson R3 and standard coordinates on the S2 subspace:Ma = LabO�b + La3O�3 = La3M =M sin �nb�a3b ; (195)M3 = L33M = M cos � (196)28



and we also found the relations with other coordinates and determined how eachset of coordinates tranforms under SO(3) (and indeed O(3)) transformations.We used the above embeddings to de�ne inner products at arbitrary points onP and the coset space:(XH;YH)jLH � (X;Y)jL � Xi3Yi3 : (197)We calculated L�1dL and split it into a part da tangent to P and a part dvorthogonal to it. The spacetime derivative corresponding to the former part haslength squared(a�; a�)j1 = �nanb + sin2 ��2 (�ab � nanb)�@��a@��b (198)from which one may derive (187) in standard coordinates:L = 12(M )2�nanb + sin2 ��2 (�ab � nanb)� @��a@��b : (199)11.2 Method and calculationIn this section, we demonstrate the Goldstone mechanism for spontaneouslybreaking O(3) to SO(2) and show how this relates to the sigma model as de-scribed in Part I. We start with a triplet of O(3), M i. The kinetic term in theLagrangian again looks like the arc length on �eld space, while for the potentialto be O(3) invariant, it must be a function of M iMi:L = 12@�M i@�Mi � V (M iMi) : (200)Firstly, we look at the potential. This could be any function ofM iMi = r2,but a constant may always be trivially added to ensure that the minima areV = 0. They may occur at any values of r; if there is a minimum at r = 0 then(200) is a valid Lagrangian for a triplet of dynamic, self-interacting �elds. Ifnot, then we must rede�ne the �elds such that the new set all reduce to zeroat one of the minima[54] - this is then the true vacuum state. For example, thepotentialV = �2(M iMi � �2)2 = �2(r2 � �2)2 (201)has a local maximum at r = 0 and has degenerate minima on a two-sphere ofradius �. In keeping with our work thus far, we take the North pole to be thetrue vacuum; however, we still have an in�nite number of coordinate systemsto choose from with this origin. One well-known choice[31] - analogous to thechoice made by Goldstone for the case of SU(2) - is to keep M1 and M2 fromthe original multiplet and to take as the third �eld� =M3 � � (202)29



thus translating the Cartesian coordinate system up the z-axis to the Northpole. With the potential (201), the Lagrangian (200) then becomesL = 12@�Ma@�Ma + 12@��@�� � �2(MaMa + �2 + 2��)2 : (203)Note that � has a mass 2p2��, while M1 and M2 are massless - these are the`Goldstone bosons'[54, 64].An alternative is to use two coordinates on the two-sphere, together withthe radial displacement from the two-sphere:r0 = r � � : (204)With these coordinates, (201) becomesV = �2(r02 + 2�r0)2 : (205)This technique of complementing the coordinates on the subspace with an ad-ditional �eld or �elds to cover a larger space is used extensively in Kaluza-Kleintheory[65]. Salam and Strathdee[18] have also shown it to be a very elegantway of describing spontaneous symmetry breaking. In this case, the subspace isthe vacuum manifold, the coordinates on it are Goldstone bosons and the �eldsorthogonal to it acquire a mass.Any coordinates may be used on the vacuum manifold, but there are anumber of reasons for using the standard coordinates. Firstly, note that in(189), using a subset of the coordinates on SO(3) for SO(3)= SO(2) makes boththe embedding and the induced map on the tangent space very simple. Usingr0; �1; �2 as coordinates on R3makes E2 and E3 and their induced maps becomeequally simple. Secondly, unlike, for example, � and � in the spherical polarsystem, the standard coordinates transform as a representation of H. Thirdly,standard coordinates may be de�ned for any G and H where G is a compact,connected semisimple Lie group and H is a proper Lie subgroup, and Salam andStrathdee provide a universal technique for re-writing the Lagrangian (200) interms of standard coordinates and a set of �elds orthogonal to the subspace.In studying the non-linear sigma model, we considered points on a sphereof radius M which could be mapped back to (188) with L�1, allowing us toassociate such a point with the coordinates �a. However, any point in the R3�eld space lies on a sphere of some radius r centred at the origin. Thus there isan L�1 which maps it to a point on the z-axis:L�1 : (M1;M2;M3)! (0; 0;m3) (206)or M i = Lij(�1; �2)mj (207)where mj are the Cartesian coordinates of the point on the z-axis. The rotationkeeps the distance from the origin constant, som3 � r = r0 + � ; (208)30



so we have a rule for associating M i with coordinates r0; �1; �2. By comparisonwith (195) and (196) we �nd:M1 = �(r0 + �)n2 sin � ; (209)M2 = (r0 + �)n1 sin � ; (210)M3 = (r0 + �) cos � : (211)The third �eld in the Goldstone coordinate system is then� = (r0 + �) cos � � � : (212)For small � (close to the North pole) these reduce toM1 = �(r0 + �)�2 ; M2 = (r0 + �)�1 ; � = r0 : (213)Under the SO(2) subgroup Ma and �a both transform as doublets, while � andr0 transform as singlets. However, the transformation properties under the fullO(3) group are di�erent: neither the Ma nor � form a realisation of SO(3) ontheir own (i.e. a general SO(3) rotation will mix up all three �elds). The �a, onthe other hand, transform as a complete (non-linear) realisation of O(3) whiler0 is invariant.Now we turn to the kinetic part of L. In spherical polar coordinates, this hasa term corresponding to the arc length on the two-sphere and a @�r@�r term -writing the metric on a two-sphere with unit radius gab,L = 12 (@�r@�r + r2@��@�� + r2 sin2 �@��@��) (214)= 12 [@�r@�r + r2(gab@�xa@�xb)] : (215)Using the methods of Salam and Strathdee, we can show that in the coordinatesr0; �1; �2 this takes a similar form. The length of the vector @�M is invariantunder SO(3) rotations, so we rotate it back to the z-axis and use (207) tocalculate its length:(@�M; @�M)jM = (L�1@�M; L�1@�M)��m (216)= (@�m+ (L�1@�L)m; @�m+ (L�1@�L)m)��m :(217)where the meanings of the pointsM andm and the column vectorm are obvious.The Euclidean space has a at metric. L�1@�L may be split into a� = aa�(iTa)and v� = a3�(iT3). From (193) we see that(a�)33 = (v�)33 = (v�)k3 = 0 : (218)Then using ma = 0, (208) and �nally (197), we �nd@�M i@�Mi = @�r0@�r0 + (r0 + �)2(a�)k3(a�)k3 (219)= @�r0@�r0 + (r0 + �)2 (a�; a�)j1 : (220)Using (198) then gives us the expected form12@�M i@�Mi = 12 h@�r0@�r0 + (r0 + �)2 �nanb+sin2 ��2 (�ab � nanb)�@��a@��b� : (221)31



The �nal Lagrangian is thereforeL = 12@�r0@�r0 + 12(r0 + �)2�nanb + sin2 ��2 (�ab � nanb)� @��a@��b��2(r02 + 2�r0)2 : (222)Comparing this with (203), we see there are some similarities. There areagain, as expected, two massless �elds - the �a are Goldstone bosons, whilethe third �eld again has mass 2p2��. Also, in both Lagrangians, there are noconstant terms and no linear terms in the potential. It can be seen that thiswill be the case for any potential with minima V = 0 at a �nite value of r byexpanding V in a Taylor series around this value of r[31, 66].However, the fact that the �a form a realisation of O(3) on their own makesthe r0; �a coordinate system better for studying the low-energy limit: at energiesmuch lower than the r0 mass, (222) simply reduces to that for the O(3) non-linear sigma model, retaining its O(3) invariance.Finally, we note that with the r0 �eld included, it is still possible to couplethe Lagrangian (222) to an auxilliary SO(2) gauge �eld by adding any bilinearfunction of v� � eA3�(iT3) such asf(�;M )(v� � eA�)ab�b(v� � eA�)ac�c (223)as discussed in Section 7.12 Including gauge �elds - the Higgs mechanismWe now wish to couple our triplet M i to a set of Yang-Mills gauge �elds trans-forming as the adjoint representation of SO(3). We do this by replacing @�M iin (200) with covariant derivativesD�M i = @�M i � eAk�(iTk)ijM j : (224)To simplify the calculations, we follow Michel and Radicati[42] and write anelement of the adjoint representation as an operator on vectors of the Lie algebra:(fa)ij � ak�ikj = �ak(iTk)ij 2 so(3) (225)thus using (207) the covariant derivative may be writtenD�M i = (L@� + (@�L) + efA�L)ijmj : (226)The length of this vector is invariant under the action of L�1:(D�M;D�M)jM = (L�1D�M; L�1D�M)��m (227)so we de�ne a new gauge �eldBk�(iTk) = L�1Ak�(iTk)L� 1eL�1@�L : (228)32



Then fB� = �iBk�Tk = 1eL�1@�L+ L�1fA�L (229)so we �nd(D�M;D�M) = (@�m+ efB�m; @�m+ efB�m) : (230)Calculating this inner product, remembering that ma = 0 and m3 = r = r0+ �,we get(D�M;D�M) = @�r0@�r0 + e2Ba�B�a (r0 + �)2 : (231)We also expect there to be a kinetic term for the gauge �elds. In the abovenotation, this may be written(F�� ;F��) = (@�fA� � @�fA� + e[fA� ; fA� ]; @�fA� � @�fA�+e[fA� ; fA� ]) (232)= 12 tr[L�1(@�fA� � @�fA� + e[fA�; fA� ])L�L�1(@�fA� � @�fA� + e[fA� ; fA� ])L] (233)Now from (229) we havefA� = LfB�L�1 � 1e (@�L)L�1 (234)so L�1@�fA�L = (L�1@�L)fB� + @�fB� + fB�@�(L�1)L�1eL�1(@�@�L) � 1e (L�1@�L)@�(L�1)L : (235)It is easy to show that@�(L�1)L = �L�1@�L (236)so we �ndL�1(@�fA� � @�fA�)L = @�fB� � @�fB� + [L�1@�L; fB� ]�[L�1@�L; fB�] + 1e [L�1@�L; L�1@�L]:(237)Similarly, we can use (234) to show thateL�1[fA� ; fA� ]L = e[fB� ; fB� ]� [L�1@�L; fB� ] + [L�1@�L; fB�]+1e [L�1@�L; L�1@�L] : (238)Substituting these results into (233) gives us(F�� ;F��) = (B�� ;B��) (239)33



where B�� is the �eld strength tensor of the B �eld.The full broken Lagrangian is thereforeL = 12@�r0@�r0 � 14(B�� ;B��) + 12e2�2Ba�B�a + e2�r0Ba�B�a+12e2r02Ba�B�a � V (r0 + �) : (240)Note that r0 interacts only with the Ba� �elds and, as expected from the workof Higgs and Kibble, these gauge �elds have received a mass through the Higgsmechanism, while B3� remains massless. The Goldstone �elds are no longerpresent in the Lagrangian, but appear in the relations between the high- andlow-energy gauge �elds, (228) and its inverseAk�(iTk) = LBk�(iTk)L�1 + 1e (@�L)L�1 : (241)This is obviously not ideal: we would like to express Bk� in terms of Ak� andM i only, and express Ak� in terms of Bk� and r0 only. However, even in thissimple case, trying to eliminate the Goldstone �elds from these expressionsproves very messy and it is certainly not clear how to do this in a way whichcould be generalised to other symmetry groups. The solutions of this model arediscussed briey in Section (14.2).13 Fermions and supersymmetry - review of meth-ods13.1 Minimal coupling to fermions - global O(3)The model we presented in Section 11.2 can be extended by introducing ad-dtional multiplets of global SO(3) - in particular, one may wish to add fermions.The simplest way to do this is to add to the Lagrangian (200) kinetic and massterms for the new �elds 	i and terms describing the interaction with the M i.Let us assume that these transform as a representation � of SO(3) 11. Follow-ing the method of Salam and Strathdee[18] one then de�nes new �eld variables = �(L�1)	. If spontaneous symmetry breaking then occurs, these are thencoupled to the Goldstone �elds by `covariant derivatives' involving v�[59]. Anyself-coupling terms for the 	i are invariant under the �eld rede�nition so theself-couplings for the  i are identical in form, e.g.	i	i =  i i (242)The original coupling terms between the 	i and the M i become couplings be-tween the  i and r0. The  multiplet breaks into multiplets of SO(2). Theydo not form a realisation of SO(3) on their own but only as part of a largerrealisation including the Goldstone �elds[5].11The geometry of spin structures on coset spaces has been studied by Balachandran etal[67]. 34



13.2 Fermionic coupling to the gauge theoryWe can also extend the gauged model by introducing the additional �elds 	.Again we add to the linear Lagrangian kinetic and self-interaction terms forthese �elds and terms for the interaction between them and the M i. To couplethem to the gauge �elds we make the replacement@�	! D�	 � @�	 + qAi��(Ti)	 (243)in their kinetic terms, where the charges q may be di�erent for each multiplet.On making the �eld rede�nitions  = �(L�1)	 and r0 = m3 � �, we again�nd that the self-interactions for the 	 become self-interactions for the  andinteractions between the 	 and the M i become interactions between the  andr0. The couplings to the SO(3) gauge �elds become couplings to the �eld B3�[18]:D�	 � @�	 + eAi��(Ti)	! D� � @� + eB3��(T3) : (244)13.3 Supersymmetry - global O(3)In recent years, there has been a great deal of interest in supersymmetric sigmamodels and symmetry breaking in supersymmetric theories. In supersymmet-ric theories, there are generators which transform as Lorentz spinors and asa multiplet of an internal symmetry. These generate transformations betweenfermions and bosons in `superspace'. The full algebra contains both commuta-tion and anticommutation relations and involves the spinorial generators, thePoincar�e (or conformal) generators and the internal symmetry generators. Themultiplets (`super�elds') contain both fermionic and bosonic components.It is possible to extend our model to admit N=1 supersymmetry in fourdimensions[68] or N=2 supersymmetry in two dimensions[69, 70]. In this sec-tion, we highlight some aspects of the four-dimensional supersymmetric model,particularly those that have rarely been emphasised in past treatments.13.3.1 Super�eldsIn the four-dimensional model, the multipletM i is replaced as the basic multi-plet of the linear theory with a multiplet of chiral super�elds�i = zi(y) + ��i�(y) + �2Zi�(y) (245)wherezi = Ai + iBi ; Zi� = F i� � Gi� ; (246)y� = x� + i����� ; �� = (�1; �i) (247)and � now represents the superspace parameter. Ai is a Lorentz scalar, Bi is apseudoscalar, �i is a spinor and F i and Gi are auxilliary �elds.Supersymmetric actions are composed of integrals of products of such super-�elds over both real space and superspace. By integrating over superspace and35



using the equations of motion to eliminate the auxilliary �elds, one then obtainsa more familiar form of the action. In our case, we would like this latter form ofthe action to contain a potential similar to (201); however, the supersymmetryrequirements are too restrictive to obtain this from an action just involving �i.Barnes et al [71] get round this by introducing a `spectator' super�eld,�i = �(y) + ���(y) + �2Z�(y) : (248)The action is thenI = Z d4x d4�(��i�i+���)+Z d4x d2�W (�i;�)+Z d4x d2�� �W (��i; ��)(249)with W = k(�i�i � �2)� (250)where k is a numerical constant.Carrying out the superspace integration ofW and eliminating the auxilliary�elds yields the potentialV = 4k2���zi�zi + k2(zizi � �2)(�zi�zi � �2) : (251)One minimum point of this potential is0@ z1z2z31A = 0@ �z1�z2�z31A = 0@ 00�1A : (252)13.3.2 Symmetries of the scalar sectorNote that zi is a complex multiplet. Its components are transformed into eachother by the complexi�cation of SO(3), denoted SO(3)c. Bando et al [72] pointout the particular importance of nilpotent matrices in the algebra of this group.We follow Higashijima and Nitta[73] and take the real generators of SO(3)c tobe UTiU ywhereU = 0@ ip2 0 1p20 1 0� ip2 0 1p2 1A ; (253)i.e. T 01 = 0B@ 0 ip2 0� ip2 0 � ip20 ip2 0 1CA ; (254)T 02 = 0@�1 0 00 0 00 0 11A ; (255)36



T 03 = 0B@ 0 1p2 01p2 0 � 1p20 � 1p2 0 1CA ; (256)The compact subgroup generated by T 02 multiplies z1 and z3 by a constantphase factor, that is it mixes the scalars with their pseudoscalar partners. Thenoncompact subgroup generated by iT 02 multiplies z1 by real scalar factor anddivides z3 by the same factor. Under the transformation `generated' by thenilpotent combinations T 03 + iT 01 and i(T 03 + iT 01), z1 is invariant, while underthose `generated' by the conjugates of these, z3 is invariant.The point (252) on the complex vacuum manifold is only mapped to minimawith non-zero values of z1 and/or z2 by transformations `generated' by T 03� iT 01and i(T 03� iT 01). Of the other four transformations, one multiplies this minimumby a scale factor, one rotates it in the complex plane and two are true invariancesof this minimum.13.3.3 Other commentsIt is worth noting that requiring an initial Lagrangian such as (249) to bemanifestly supersymmetric greatly constrains its form (and hence that of thescalar potential V ). If one is trying to �nd a model with particular features,this could be problematic, but if one is looking for uniqueness, this could beseen as an advantage.Another noteworthy feature of manifestly supersymmetric Lagrangians isthe lack of explicit spacetime derivatives: the derivatives of the individual com-ponents are instead implicit in the superspace integrals, which are very easy tohandle. In this regard, it could be argued that the supersymmetric model israther more elegant than its non-supersymmetric counterpart.A supersymmetric version of Salam and Strathdee's method for arbitrary Gand H cannot be constructed, as the low-energy �eld content is heavily depen-dent on the geometry of G=H. The simplest cases, such as that above, are whereG=H is K�ahler[74, 72, 75]. In such cases, the Goldstone bosons are not accom-panied by `quasi-Nambu-Goldstone' superpartners and the relation between anelement of Gc=Ĥ (the coset space generated by T 03 + iT 01 and i(T 03 + iT 01) in theabove example) and the corresponding element of G=H is well known[75].Many of these ideas have been thoroughly explored by Higashijima andNitta[76, 77, 78]. For our example, we can get some idea of the low-energylimit from these papers and from Barnes[79] . As SO(3)= SO(2) � SU(2)=U(1)is a K�ahler manifold, the scalar part of the low-energy action may be written[74]Iscalar = Z d4x d4�K (257)where, following Itoh et al [75], the K�ahler potential K is a function of just onecomplex scalar . The fermionic part of the action seems to be more di�cult topredict without explicit calculation, but we would expect  to have a masslesspartner[80]. Once again, this is equivalent to a theory with an auxilliary gauge�eld[28, 81, 82, 83, 84, 85] (in this case a vector super�eld).37



13.4 Supersymmetry in the gauge theoryThe supersymmetric Higgs mechanismwas �rst considered by Fayet and Iliopou-los [86, 87]. The second of these papers contains a model in which supersymme-try is preserved but gauge invariance is broken by use of a `spectator' super�eld.We can achieve this simply by gauging the action (249) with a vector super�eldmultiplet V i transforming as a triplet of SO(3)[87, 73]. However, Fayet latershowed that with the internal symmetry gauged by a vector super�eld, neither aspectator super�eld nor a superpotential are required for spontaneous symmetrybreaking. This is because, with an actionI = Z d4x d4� ��i(e2g(V))ij�j + Z d4x d2� 132W�W� (258)just composed of covariantised kinetic terms, the auxilliary �elds of V i modifythe scalar potential giving it degenerate minima. These minimacorrespond to allpossible values of zi, spanning C 3 . However, if we consider the complexi�cationof S2 described above containing the point (252), every point in this space isrelated by an SU(2) gauge transformation[88, 13]. The value of � thereforedistinguishes between gauge inequivalent vacua. The real and imaginery partsof z3 can be used as coordinates at large �.Furthermore, the action (258) has N = 2 supersymmetry, with �i and V itogether forming a single N = 2 super�eld[89]. Upto a homomorphism, thisis the system studied so successfully for varying values of � by Seiberg andWitten[13] by utilising duality.1214 Quantisation and renormalisation - summaryof known results14.1 Global symmetrySeveral methods of quantisation have been applied to the sigmamodel, includingDirac, multi-Hamilton-Jacobi and Batalin-Fradkin-Tyutin[91, 92]. In the low-energy limit the metric is non-polynomial and for such a theory in more thantwo spacetime dimensions, Feynman diagrams with higher numbers of loops areincreasingly divergent. However, these correspond to higher momenta[93]. Atlow energies we only need to consider tree diagrams. For the bare sigma model,terms in the power series expansion of the metric can always be characterised bya `coupling constant' a, if necessary by rescaling the �elds[5]. (For example, forprojective coordinates, an expansion in the bare coupling constant a = 1=M2 isgiven in equation (48).) It can also be shown that for the Feynman diagrams,the power of a rises in proportion to the number of loops, so only the �rst fewterms in the metric expansion are needed for tree diagrams[5, 19].Quantisation and renormalisation usually imply the presence of extra termsin the Lagrangian. With one spacelike dimension, quantisation leads to the12These aspects of Seiberg-Witten theory are described with great clarity by Bilal[90].38



appearance of the soliton term, while with two, the Hopf term emerges[35,34]. The model is then equivalent to one involving higher-spin �elds[94]. InMinkowski space, renormalising to one loop requires adding counterterms[93];in the form of the sigma model with an auxilliary gauge �eld these include akinetic term for the gauge �eld so it becomes a real, dynamical �eld[30].At higher energies, we would expect the linear SO(3) symmetry to reap-pear, and indeed, when the renormalised coupling constant exceeds a criticalvalue, corresponding to a critical temperature, a third �eld component appears,forming a linear multiplet with the others[24, 25, 95]. Such a phase transi-tion seems to hold to all orders in four dimensions[25, 96]. However, in twospacetime dimensions, the critical value reduces to zero, so quantum correc-tions ensure symmetry remains unbroken at all temperatures. Also, it shouldbe noted that dynamical processes associated with coupling a non-linear sigmamodel to fermions may a�ect the symmetry breaking[97].14.2 Gauged symmetryIt is well known that Yang-Mills theories are renormalisable and that this isnot a�ected by spontaneous symmetry breaking[98]. Furthermore, SO(3) Yang-Mills theories are free of Adler-Bell-Jackiw anomalies[99].In d dimensions, the classical solutions and, at the quantum level, the non-perturbative spectrum of this model, are determined by the homotopy group�d�1(S2). For d = 2 this is trivial, but for d = 3; 4 it isZ[100]. BPS states thenappear - 'Hooft-Polyakov monopoles[101, 102, 103, 104] and dyons[105, 104].Indeed, in three dimensions, the B �elds see a background plasma of monopoles,which endow the B3 �eld with a mass and linearly con�ne the other two. (Thereare other perspectives on this and Kogan and Kovner have looked at the phasetransition from a number of viewpoints[106].)15 AcknowledgementsI would like to thank Prof. K. J. Barnes at the University of Southampton forintroducing me to this area of research and sparking my interest in it, as wellas for a lot of helpful advice over the years. I would also like to thank Prof. D.J. Dunstan and Prof. W. J. Spence at Queen Mary, University of London andProf. C. J. Isham at Imperial College, University of London for their assistanceand advice. Finally, I would like to thank Dr. J. D. Hamilton-Charlton, amongothers, for various stimulating discussions of these and related ideas.ReferencesReferences[1] M. Gell-Mann and M. L�evy, Nuov. Cim. Vol XVI (1960) 70539
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